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Solutions to HW1

P.34 Ex.8
Let A1, A2, ..., An be n events. Show that if
P (A1) = P (A2) = ... = P (An) = 1, then P (A1A2...An) = 1.

Solution
For any i ∈ {1, 2, ..., n}, P (Ac

i) = 1− P (Ai) = 0.
Then we have

P ((A1A2...An)
c) = P (Ac

1 ∪ Ac
2 ∪ ... ∪ Ac

n)

≤
n∑

i=1

P (Ac
i) (by countable subadditivity of P)

= 0.

Hence P ((A1A2...An)
c) = 0 and P (A1A2...An) = 1− P ((A1A2...An)

c) = 1.
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P.35 Ex.12
(Borel-Cantelli lemma)
Let A1, A2, A3, ... be a sequence of events.

Prove that if the series
∞∑
n=1

P (An) converges, then P (
∞⋂

m=1

∞⋃
n=m

An) = 0.

Solution

Let Bm =
∞⋃

n=m

An for m = 1, 2, ...

Then {Bm}∞m=1 is a decreasing sequence of events.

P (
∞⋂

m=1

∞⋃
n=m

An) = P (
∞⋂

m=1

Bm)

= lim
m

P (Bm)

= lim
m

P (
∞⋃

n=m

An)

≤ lim
m

∞∑
n=m

P (An). (countable subadditivity)

The tail of a convergent series tends to zero:

Let L =
∞∑
n=1

P (An) <∞. We have

lim
m

∞∑
n=m

P (An) = lim
m

(
lim
k

k∑
n=m

P (An)
)

= lim
m

(
lim
k

k∑
n=1

P (An)−
m−1∑
n=1

P (An)
)

= lim
k

k∑
n=1

P (An)− lim
m

m−1∑
n=1

P (An)

= L− L

= 0.

Hence

P (
∞⋂

m=1

∞⋃
n=m

An) = 0.
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